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ERROR BOUNDS FOR QUASI-MONTE CARLO
INTEGRATION WITH NETS

CHRISTIAN LECOT

ABSTRACT. We analyze the error introduced by approximately calculating the
s-dimensional Lebesgue measure of a Jordan-measurable subset of I® = [0, 1).
We give an upper bound for the error of a method using a (t, m, s)-net, which
is a set with a very regular distribution behavior. When the subset of I° is
defined by some function of bounded variation on I*~1, the error is estimated
by means of the variation of the function and the discrepancy of the point
set which is used. A sharper error bound is established when a (¢, m,s)-net
is used. Finally a lower bound of the error is given, for a method using a
(0, m, 8)-net. The special case of the 2-dimensional Hammersley point set is
discussed.

INTRODUCTION

Applications of quasi-Monte Carlo methods arise in problems of numerical anal-
ysis that can be reduced to numerical integration. For s > 2 let I° = [0,1)° be the
half-open s-dimensional unit cube, and As be the s-dimensional Lebesgue measure.
If E is a Jordan-measurable subset of I° and P is a set of |P| points x1,...,X|p|
evenly distributed over I°, the volume of E can be approximated by

A(E, P)
Pl

where A(E, P) is the number of p's, 1 < p < |P|, for which x,, € E. An analysis of
the error

) 'A(E, P)

A -no)
was given in a paper of Niederreiter and Wills [5]. The error was bounded by means
of D(P)l/ °. The discrepancy D(P) of the point set P is defined by

D(P) = sup
J

= As(J)

9
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where J runs through all subintervals of I°. We focus on special point sets P, which
are called nets. The following definitions were given by Niederreiter [3]. Let b > 2
be an integer. An elementary interval in base b is an interval of the form

(3 l+1
J= H[;a—r>

with integers d; > 0 and integers 0 < a; < bl for 1 <i<s Let 0<t<mbe
integers. A point set P of b™ points in I® is a (¢, m, s)-net in base bif A(J, P) = b* for
every elementary interval J in base b with \;(J) = b*~™. Discrepancy bounds for
nets are given in the article of Niederreiter [3]. They can be used in conjunction with
the estimation of Niederreiter and Wills to obtain error bounds. It is much simpler
to estimate the error directly and an improved upper bound can be established.

The following case deserves special attention. Let f : I°~! — I be a function of
bounded variation in the sense of Hardy and Krause. We refer to the monograph
of Niederreiter [4] for the definition of the concept of variation. Define the set

Er={x=x,z,) eI’ : zs < f(x)}.

For any set P of |P| points X3,...,X|p| in I®, we have
|P|
A(Es, P
(2) ._(_I_IJ.;T._Z Xs(Ey) ‘ ]P] ZcEf Xp) / cgdAs|,

where cg, is the characteristic function of ;. The Koksma-Hlawka inequality (see
below) cannot be used to derive an upper bound for the right-hand side of (2),
because the variation of cg, can be infinite for a very smooth f ( let for instance
f(x’) = z1). In an earlier communication [1], we give an estimate of the left-hand
side of (2) by means of the variation of f. The analysis used the estimation of
Niederreiter and Wills. An improved upper bound is directly established in the
present paper. In the case where P is a (¢, m, s)-net, there is a different method of
proof which yields a better result.

Finally some lower bounds for the error (1) are established, which are not too
dissimilar to the upper bounds. The analysis is restricted to (0, m, s)-nets and uses
techniques of Schmidt [6]. For the 2-dimensional Hammersley point set (see [4]), a
better result is given.

An outline of the paper is as follows. In §1 we derive an upper bound for the
error (1) when the point set is a (¢, m, s)-net in base b. In §2 we give an estimate
of the left-hand side of (2). A smaller bound is given when P is a net. In §3 we
establish some lower bounds for the error (1) when P is a (0, m, s)-net in base b.

1. UPPER BOUNDS FOR NETS

We recall the result of Niederreiter and Wills, when the original Euclidean norm
is replaced by the maximum norm |[|x||,, = maxi<;<s |z;|. For € > 0 define

E.={xel°: yeE|x-yl|,<e},
E .={xel’° :VyelI’ \E |x-yl|, >¢}
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If there exists a positive nondecreasing function o defined for all ¢ > 0 such that

Ve >0 max(\s(E: \ E),\(E\ E_.)) < a(e),

—1
AE,P) i 1 e
A \B)| <3 ([————D(P)I/SJ )+D(P) |

If, in addition, {z; : (x/,zs) € E} is a subinterval of I containing 0, for every
x' € I*71, then

—1
A(E,P) _ o 1 1/s
] o

Proposition 1. Let E be a Jordan-measurable subset of I° and P be a (t,m, s)-net
in base b. If there exists a positive nondecreasing function o defined for all ¢ > 0
such that

then

Ve >0 max(As(E: \ E),A\s(E\ E_¢)) < o(e),
then

‘ A(E, P)

- —/\S(E)‘ <o (b—L’—"f—*J) .

S

L=TI_, [%, a_b;_l). Let

E.=|J L and E = |J L

Proof. Let d = |™=t|. For a = (ay,...,a,) with integers a;, 0 < a; < b, define

I.CE I.NE#Q
Then
A () - a(p\ By < HTE (o),
A(E, P) A(Ey, P)
|P| —As(E) < —!I—gl"*_As(E+)+)\s(E+\E)'

The subsets E_ and E are disjoint unions of elementary intervals I, with As(a) >
b*=™, hence é(—%l’—@ —X(E-) = %—) — Xs(E4) = 0. Furthermore, E\ E_ C
E\ E_ 1, hence MN(E\E_)<o0(3%)and E \EC E 1 \ E, hence As(E+ \E) <

1
2. UPPER BOUNDS FOR SPECIAL SUBSETS

Let f : I°"! — I be a function of bounded variation V(f). Then define E; by
Ef ={x=\,z;) € I* : z, < f(x)} and let cg; be the characteristic function
of Ey. If P’ is a set of |P'| points x),...,X|p, in I*~1 and P is a set of | P| points
X1,..-,X|p| in I®, the integral

fd/\s—l :/ CEfd)\s
Is—1 s
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can be approximated by

|P'] 1P|

|P’| Zf or by TIIBT;CEf(xp).

The second approximation, where the numerator is an integer, can be useful for
numerical simulation (see [1, 2]). In the first case, an error bound is given by the
Koksma-Hlawka inequality

|P']

T P,| > s, /[ | fidr,

The star discrepancy D*(P’) of the point set P’ is defined by

S V(£)D*(P).

A(J, P
|P'|

D*(P') = sup
J

- As_lu)\,

where J runs through all subintervals of I°~! containing 0. In the second case, we
have the following error estimate.

Proposition 2. Let P be a point set of |P| points in I and f : I°"' — I be of
bounded variation in the sense of Hardy and Krause. If D(P) < V(f), we have

Proof. We shall prove somewhat better but more complicated estimates. Let

Ni,...,Ng—1 be integers. For a’ = (ai,...,as-1) with integers a;, 0 < a; < n,
1
define I =i, [#—, —ni) and let

E= E/JL,' X [O,lIr:/ff),E = E/JI&’ X [0,s;;pf),F = EJIEJ X [11;:/ff,slli/pf].

Then
A(E, P) A(Ey, P) A(E, P) —
—=— 2 _X(E) = A(F) < —=——=> - )\(Ey) <L —Xs(E) + A
|P] ( ) s( ) ]P] ( f) ]P] ( ) s( )
If V(f) < D(P), choose ny = -+ =ns_1; = 1. Then
M Xs(Ey)| < D*(P) + sup f — inf f.
|P| fs-=l [5-1

Suppose V(f) > D(P). The subsets E and E are disjoint unions of subintervals of
I, hence

‘A(IEJ/”IP)‘AE‘- an and ‘(EP)—AS(E)‘SD(P)EM
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We have A\ (F) < V(f) S35} e L by Lemma 1 (see below). Therefore,

A(Ef’ 1
< —
\ lPl Ef)‘ D an+v ;nl
( /s d log z—log|x 1L Ifr=—1 ] _ _
Putw-(—) an r_tlog[mj+l) Iong-— Ifr=-lor0Q,letn; ==
ng—1 = |z|. Then

}—4&%5—) ——/\s(Ef>\ <V(f) K%)USJ ) ((%) +s5— 1) ,

which yields the desired bound. f 0 < r < s—1,let n; = [z] +1,for 1 <i < r,
and n; = |z], for r <i < s—1. Then

B0 sen|<v| (58) | (- ).

which yields the desired estimate. [

Lemma 1. Let f be a function of bounded variation on I°. Letny,...,n, be inte-
gers. Fora = (ai,...,as) with integers a;, 0 < a; < my, let Iy = ]'[f=1 [%1—, %ﬁl)
and Ya,2a € Ia. Then

S 1f(za) = Flya)l VO [ 3 =

=1 =

Proof Ify,zel® let Ty ) f Dbe the restriction of f to the hyperplane z; = y; and
(z y)f T g - T(z)f If K = {iy, - ,ix} C [, s], we set

TXf =T T f and Aff =40 AL f.
We put Ty f = be,l’slf. Let 1 = (1,...,1), a+ = (a1 +1,...,a, + 1) and xa =
(#,...,f). The desired estimate is established by combining the following iden-
tities:

8
P~ v = S AL T

i=1

8
wa=2( Z A(x.+,w) xa+f, for wel, and

KCl[1,s)
# K=k

Tx=+f=k2_;)( Z Z A(xb+ Xb) Tl cf' O

KCl,8] aj<b;<ny
#K=k i€eK

When P is a net, an improved estimate can be established. We shall use the
following lemma of Niederreiter [3, Lemma 3.4.(ii)].
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Lemma 2. Let P be a (t,m,s)-net in base b. For any elementary interval J' C
I*~! in base b and for any = € I one has

< bt—m.

‘A(J’ x [0,zs), P) — (' x [0,z5))

P

Proposition 3. Let P be a (t,m,s)-net in base b and f : I°~* — I be of bounded
variation in the sense of Hardy and Krause. If b'~™ < V(f), we have

m=t_ log V(f)
slogb .

lM _)\S(Ef)l < sV(f)bL=s

P

Proof. Let di,...,d,_, be integers and replace n; by b% in the proof of Proposition

2. IfV(f) <b'™™, choose d; = -+ = ds_1 = 0. By Lemma 2, we have
‘A(E—f’P) - )\S(Ef)‘ <b™ 4 sup f — inf f.
IP[ fs—1 Is—1

Suppose V(f) > b'~™. By Lemmas 1 and 2, we obtain

s—1

—m 1
B Spm e () S

i=1

‘A(Efvp)
P

Putx:mT_t-l-%andrz[sa:_l—s[a:]—l. Ifr=-lor0,letd =--=

ds—1 = |z]. Then

IA(Ef»P)

T ,\S(Ef)l < v(f)p- Lot (bs(LrJ—w) s 1) ,

which yields the desired estimate. f 0 <r <s—1,letd; = |[z] +1,for 1 <7 <7,
and d; = |z], for r <i < s—1. Then

‘A(ﬁgip) _ AS(Eﬂ} < v(pplEEtrE (btm—sw—l ts—r <1 - %) _ 1> ,

which yields the desired bound. O

3. LOWER BOUNDS FOR NETS

We want to show that the order of magnitude of the bound in Proposition 1 is
best possible. We shall establish a lower bound for the error (1). We refer to the
lectures of Schmidt [6, Theorem 13.B] for a similar result. Since a (0,m, s)-net in
base b is also a (¢, m, s)-net in base b, for any t < m, it follows that an interesting
lower bound is only available for t = 0. We recall the following result of Niederreiter
[3, Corollary 5.11].

Lemma 3. Form > 2 a (0,m, s)-net in base b can only exist if s < b+ 1.

If £ > 0, let [z] be the smallest integer > z.
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Proposition 4. Let P be a (0,m, s)-net in base b. There exists a subset E of I°

with
Ve >0 max(M\(E.\E),\(E\E_.)) < (2571 +1)e

and

A(E, P) 1 L
- As(E —_—, d )
{ P ( )l"4(s—1)‘b_ if s divides m
A(E, P) 1 .
’ IPI — S(E)' 2 m, otherwise.
Let dy,...,ds be

Proof. We shall prove sharper but more complicated bounds
as—1) with integers a;, 0 < a; <

integers with d; +--- + d, = m. For a’ = (a4, ...,
[, %) and ag(a’) = a1 + - + ag—1. Let

b%, define I = [T;Z; [%, <
1 as(a’)+1/2 ag(a’)+1
@) = i (an) + 54 (1 x [2ELEL2 202 1Y ),
if as(a’) < bd; otherwise a(a’) = a(@) + 5, if as(a’) < bds;

otherwise @(a’) = 1. Let
E=|JL x[0,0(")), E=|JL x[0,a@)).

=)

1. Let @(a’) =

Let ¢ > 0. We have E, \ E ¢ F¥ UG, where
= Ul x lafal) afal) +),
i a; aj+1>-

—1 a; aj-!—l a; a;
) e T (3%

s—1 i
(&) — et/
’G“ - U U H bdi’  pd; bdi
i=1 a’ j=1 J=i+
x[a(a@l,) +e,a(@’) +¢),

=(ai,...,0;-1,a; — L,Qi41,...,05_1).

Furthermore
1 (3 1
/ / d;
EN\NEC glax X [g(a),g(a)+ A (Z[eb 1+ 5) +s> .
On the other hand, we have E\ E__ C F9 Uy G2, where

U Ly x (a(a') —¢,a(a")),

a(a’)<1

aj+1>x [ai-l—l ai—{—1+5>

= U U H |:bd > pds pdi 7 pds

i=1 a(a’)<1] 1

<10 [ S o) x (ate) - et

d )
j=i+1 b
a’+i = (0,1, e, Q1,05 + 1,(1@.{.1, e CLS_1),
(@) —e if a(a’) < 1; otherwise g(a’) = 1.

B(@) = a(a
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Furthermore,

E\E_,C UIa/ X <a a (Z[ebdﬂ + ) —s,g(a’)) .

Similar results are available for E. By the definition of E and E, we have

|P| —)\S(E)

—#{a eN*! . 0<a; < b% for 1 < i < s and as(a) <bds}.

‘A(_E_, P)
P

_)\S(E_)‘_i_lm _‘l

2bm
If s divides m, let d; = -+ =ds = d = 7. Then

Ve >0 max (A(E.\E),\(E\E_,

where
d b +s 3 d
N e | (R M) R R AR Ve
o(¢) = min ( So=Dd + A JE+ 5 .
On the other hand, we have
d
AE,P) = o Ca?)
— S > b
(|45 Ei HEE]) 2
which yields the desired result. If s does not divide m, let dy =+ =ds—1 =d =

|2] and dy = m — (s — 1)d. By Lemma 3, we have

Ve >0 max ()\s(ﬂs \E),)\S(E\E_e>,)\s(§s \E>’)\S(E_\E—E>) S 5(5)’

where o
- 4T~ —1)feb¥] +1/2
U(E)=min<€+(1+€bbl 1,€+ i >l-§i.l+ L )
On the other hand, we have
AE,P) A(E, P) _ bls—1)d
(|45 @] [ -0 2

which yields the desired result. O

In the 2-dimensional case, a sharper estimate is available for the Hammersley
point set in base b,

P={(pb",¢u(p)) : 0<p<b™},

where ¢ is the radical inverse function in base b (see [4]). It is easily seen that P
is a (0, m, 2)-net in base b.
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Proposition 5. Let P be the two-dimensional Hammersley point set in base b and
let T = {(z1,72) € I? : 79 <x1}. Then

Ve >0 max(A(T\T), (T \T-.)) <2

and A(T, P) 1
220 (1)) = —
|P] 2(T)| = 513

Proof. A point (z1,z2) € P if and only if (z2,z,) € P. Moreover, bl points of
P lie on the line 1 = x2. Hence the result of the proposition follows. [

Beside the class of (t,m, s)-nets, a class of sequences, called (¢, s)-sequences was
introduced by Niederreiter [3]. By his techniques, error estimates for (¢, s)-sequences
can be obtained from error estimates for (¢,m, s)-nets.
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